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E-8220

ON THE KERNEL FUNCTION FOR THE UNSTEADY SUPERSONIC CASCADE
WITH SUBSONIC LEADING EDGE LOCUS

by M. E. Goldstein

INTRODUCTION ”

In current aireraft engine technology there has been considerable
interest in the problem of the unsteady supersonic cascade with subsonic
axial velocity. Thus we consider a two—dimensional oscillating cascade
with a subsonic leading edge locus in a supersonic flow which is uniform
far ﬁpstream. We suppose that the blades have small thickness and
camber and are undergoing small amplitude harmonic oscillations. Kurosakal
has obtained a low frequency analytical solution to this problem and Verdonzr
has obtained a finite difference solution.

In this note we reduce the problem to the solution of a functional
integral equation and derive and compare two representations of the kerﬁel
function which are useful for computations.

DERIVATION OF INTEGRAL EQUATION

Consider a two-dimensional oscillating cascade with a subsonic lead-
ing edge locus in a supersonic flow which 1s uniform far upstream. The
blades which are assumed to have small thickness and camber, are undergo-—
ing small amplitude harmonic oscillations., We suppose that all lengths
are nondimensionalized by the half-blade chord, /2, the time t is non-
dimensionalized with respect to ¢/2 divided by the free stream velocity
U, the pressure fluctuation p 1is nondimensionalized by the free-stream
density Py times UZ; the upwash velocity v is nondimensionalized by U
and a denotes the free stream speed of sound. Then the pressure fluctua-

tion is governed by the equation (see fig. 1)
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where

v = Pe1(mt—MEkx) | (2)
g2 = -1

k = wM/BZ

M = Ufa 1s the free stream Mach number and the upwash velocity is

related to the pressure by

) s nd .
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where
V= veiwt

The upwash velocity on the nth blade is assumed to differ from that

of the 0P blade by only a phase factor so that

Vix + ns',ns) = e (x,0) for x| <1, n=0,21,22, . .. (4

where o 1is the interblade phase angle and the upwash velocity on the

-ipt

0th blade is related to its displacement Wge by
. [
VW(x,0) = (—:uu + 5—;) Wo(x) for [x| < 1

As 1is usual we suppose for convenience that the frequency has a small
positive imaginary part which we shall set equal to zero at the end of the
analysis. Then

k= kr + ie with 0 < ¢ << 1

and the outgoing wave boundary condition at infinity is now replaced by a
boundedness condition,

Since equation (1) possesses the separation of variables solution
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where

= A2

the boundary condition (4) suggests that (following Lane and FriedmanB)

we seek a solution in the form of the superposition

<
Y=
/4% (5)
n=-—oc
where
co1 §
sgn y R
_ % ’n -1 (axy-BY {yn|)
Tn = 3 fn(a)e do , (6)
o1 G

we have put (see fig. 1

X=X"IIS1-
n

n=0,x1,+2, , .

y =7y - ns

n
and in order to insure that the solution remain bounded at infinity we have
chosen the branch cut for the square root, Y, and the integration centour,
o + i6, in the manner shown in figure 2 (with 6 > €). This solution
possesses the jump discontinuity

41§
[¥0] = [¥ ] = £ (e %N go @

across the line y = ns passing through the nth blade since it is only
possible to satisfy the requirement that the upwash velocity be continuous
by allowing a discontinuity in the pressure. The resulting pressure dis-
continuity (in front of and behind the blade will be eliminated in the

subsequent analysis.
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Since the upwash velocity, v, vanishes at infinity, equation (3) can
be integrated to obtain

X

i n? Lo
v = —elB kx/M elkx /M %%—(x',y)dx'

-0

Inserting equations (5) and (6) and carrying out the integration now shows

that
ot i =
. & ~i{ax,-ve v, |)
v L Mkx 3 M n (8
55 e Sy ey (sgn yﬂ) f'n(m)e de, (82
O N ~<a
If we put
inl
fn(u) = e fo(u)
where
r =g - Mkst | o (9)

it is easy to show from equation (8) that

Vix + ns+, y + ns) = elndV(x,y)

Hence the boundary condition (4) is automatically satisfied and
w18

‘ Mfp(x) ilno-(a-Mk)x +Ey |y, | ]
13 0 ? . S
V=175 TeR—” (sem yy) e T a0

=0+ 15 Yim =0

On the other hand since [¥(x)] = 0 for |x| > 1 we can invert the
Fourier tramsform in equation (7} (with n = 0) to obtain
1
fo(a) =-§; [‘i’]eiux dx
-1



Upon inserting this into equation (10) and interchanging the order

of integration, we obtain
l.
Vix,y) = K(x —- x",y) [P(x")]dx' (10)
-1

where

i _ g gitkx

P = pe (11)
and
ig o .
M 4 1[no-(a-Mk)xn+ﬁr|yn}]
K(x,y) = 7 3y T— (sgn yy) e Ao
-Oﬁ-ia Ii= ~ce (12)

By letting y + 0 we obtain an integral equation for the pressure
ium [P) across the zeroth blade in terms of the known upwash velocity on

the blade surface. Namely,

1
V(x,0) = Ko(x = x")[P(x")]dx' - (13)
-1
where
Ky() = Lim K(x,y) (14)

y>0
EXPRESSIONS FOR THE KERNEL FUNCTION
The form (12) and (14) for the kernel function is not suitable for
numerical evaluation because the integral will not converge if we just put
6=eg=01in tﬁe integrand. In order to carry out this limit it is con-
venient to express the kernel in a different form.

Form 1. - Using the results of appendix A shows that
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Because of the Heaviside function, H, the sum only need to be carried out until
.1..

the largest n for which ns + Bs|n| < x. For a subsonic leading edge st > sp
hence for |x{ < 1 no terms with n greater than 1/(s+ + fs) can occur
in the sum.

Form 2. - Since 4,{o - Mk} = 0 and uﬂny >0 for & = Me

(-~ < ur < =) it follows that

'ei((a-bﬂc)ns++6*r ly 11 <1

and we can use the geometric series

to evaluate the sum in the integrand of equation (12) to obtai

0 <y <s
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1 | a#8yy)  i(Ai-Byy)
= EE, sin A_ - sin Ay
where
A, =3 o - Mkst +as’ £ gys] (16)
Hence
wotieM
e—i(u—Mk)x
K .(x) = - lim
0 8 dy ( k
el o - M)
—ootigM

[}i(ﬂa+BYY) o1 (84~8YY)
x da (17)

sin A_ + sin Ay

At first glance it might appear that the integrand in this expres-
sion possesses branch points due to the appearance of the radical v,
However, it can easily be verified by replacing y by -y that this
function depends only on yz and the branch points are therefore
"eanceled," and the integrand possesses only poles.

We can therefore use Jordan's lemma to evaluate the integral'in
terms of its residues., To this end notice that the poles of the integrand
occur at o = k/M and at the points where
Ai = nn for n=0, £1, £2,..,.

But it follows from equation (16) that the latter points are given by

-‘-
cs.=I'§‘-—--+s8

N 18)

(=W

where we have put



I = - + Mks® + 2nm for n = 0, +1, 2, . . . 19

at = wet2 2 g%2 (20)

Notice that d+ is real for the subsonicr leading edge. The + sign
corresponds to the roots which lie in the upper half plane and the - sign
to those in time lower half plane. The locus of roots in the complex
a-plane is shown in figure 3.

When x <€ 0 we must close the contour in the upper half plane and

when x » 0 4in the lower half plane., Hence

J{‘A-I'(+(x) x <0
(x) = (21)
KO %"(x) x>0
where
KE(x) =

+ \ Res inépper half plane
- \ower

Then upon using the results of appendix B to evaluate the residues we find

that
= cryp + +
(Tgtety o “L(en MO T (Tpaps®) 5]
n
K*(x) =37 Lin 2 R — - (22)
-0 (a; - P_JI-) (s L, - at EL;;)
N~
and
_ w sinh (ws) el
K (X) =5 +
¢ cosh (ws)-cos (5 - s'w)
-1 [{ap M) (T oge ) £
N (T - ags™) e 23)
(ag - & (sTTy, - at2ap)
fi= =%

These series are only conditionally convergent and will not converge at
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all if we take the derivative., In order to obtain convergent series

notice that

48 0 +» ®

th torm of these sums behaves like

8 !
—il“(:; z ) |
+ s

e as n +~ w

r
n

Hence the n

The series composed of these terms will converge to a row of step
functions. Hence its derivatives will converge to a.row of delta func-
tion, We can evaluate the latter series by using the theory of distri-

butions to show that (Lighthill4)

o0

Ty
-1 t_ (X¥By).
8 ¥83s
lim & e g
=0 Iy T'n
= =00
o
.[%—Mksf] o4
-—Tf:—_ X __...:F.__.._.
S 3B o L5TPE e 8PS
st = Bs
Y= =0



Hence, 10

oQ

- N i(nc+ka
K#(x) = K; +-§ A e n) 8(x_ + Bsn) (24)
[ n
n:—m
where
Ay ke ien® -ir%/(*-ps)
A i Iy - apel)” e + SBe (25)
ESl {C‘"I!’.l - %) (S'f'l-\n - dfzan) ST - Bs
=~
and

. o sinh (ws) e

K EE[cosh{wS)-COS (o - éfw)]

-y

: T
-l SBe-anx/(s +35)
N (26)
)l m T

are now convergent series,
COMPARISON OF KERNEL FUNCTION REPRESENTATIONS

When the kernel function given by equations (21), (25), and (26) or
that given by equation (15) is substituted into the integral equation (13)
we obtain a functional integral equation (and not an ordinary integral
equation) due to the introduction of terms of the form

[P(x + [n]s8)]

caused by the integration of the delta functions, The second form of the
kernel function has two advantages over the first. Namely its series
converge like einx/n rather than like einx//ﬁ and it is much simpler
and faster to evaluate the terms of its series than evaluating Bessel

functions.
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The series in (25) and.(26) are only conditionally convergent.
However, it is shown in appendix C that the same device which was used
to make the original converge can also be used to replace the series
(25) and (26) by absolutely convergent series. Although the results,
which are given by equations (Cl) and (C2) are now more complicated,
they are definitely more suitable for numerical computation. They show
that the removal of the slowly convergent part of the series results in
a row of step functions which represent the discontinuities of ii. The

series which appear in (Cl) and (C2) represent continuous function,
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AFPENDIX A

It follows from reference 5 that

i i(ay-ba)
i iay-—-opa
3= 9—--7--- da = Jo(ku/{;z - a®YH® -2 )
Lot 6

P —————..

where a and b are real numbers, Y‘=\juz - k2 and

1 x » 0
H(x} =
0 x <90

wtid )

] R dsb - a )

- _i_f yel(aY bo) do =i\-a—2 Jo(k'\/bz - az:]H(b -a ) - ———————
aa

Hence

2m dar
—oorf-1.§
kza
- -—2—— G{b - a )
wot+1d b
ifay+(c-a)b] B 2
- -2—177\-/- S de = H(b =-a ) f LeiCb 9_2 JO(k\"bz - azﬂ db
~otqi§ A 3a
icbh kza ica
+ e &b ~a) - --2-~+ice H(b - a )

where ¢ = c. + 1 (e/M) (see fig. 2). But using the identity

2 ! 2
8y \k!\/bz - az) =g kNB? - a2)+ K23, (kAb2 - a?)
7 Jo o2 0" 0

da

shows that
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13
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APPENDIX B

Put

e G esTET)

(a'— %) sin ﬁi

T (a) = (B1)

Then since

3 sin A
+ £ T, 88 cos b, = L +
—— = 2(5 + 0\‘.) £ =5 {vysT % sBa)cos Ai

and since equation (16) shows that
£(F - ast) =gsy(a) = 8y
n n n n

if w, is a root of Ay = nm, it follows that whenever o is in the

neighborhood of a root %y of 4, = nr

i + 2
n -1)%a - o) éfF ~-d “a
-1
gin Ai ~ £§§)-(Ynsf + ssun)(a - un) = 2 2 2 e o
' -—as
n n
Henco

-i - —ast
21 - uns+)e il (oM x+(Ty-oysT )y/s]

lim (o - an)li(m) =

KV str - at?
Oy (%I-M)(srn d %J
Since
. D + - iBy sin(A+ - 4) ~i(a-Mkix
1im 5—-[1 (o) +1I (w)] = Y Tt
70 o - )5 S s
- iBy 2 sin Ays e-i(u-Mk)x

o - %-cos Bys - cos(g - MksT + us+)
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it follows that the residue of the integrand at oy is

38232 sinh_(82ks/M)e IB2kx/M) sy sinh (us) el9*
M  cosh (B2ks/M) - cos (o - st+k/M) cosh (ws) — cos (o - sfw)
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APPENDIX C

th

Upon retaining terms of order nl we find that the n™" term of

the sums in equations {22) and (23) now behaves like

k(L -6 ) [ . [T 0 |
R R TH R )]} e"PL+—n G B”’J B nre
n : : +8s ‘

Hence we can improve the convergence of the sums in equations (25)

and (26) by adding and subtracting

i[cﬂdkﬁs] \ _ 2inmx
T3 B ' L-6 o 1
8 L] L?f 7 paf1 - Uk )] . 0,00 s¥Fas

2(3*?85) 2Mn 2 n
n=-<a
+ z 1{0+le\’11~']
_igk | ® sT¥gs
4M
X (1 2 —_—— 4 2 [H( + @sn) - H(+Bsn 31
X, n) - - x
_,_’ / n
\\ S n=1

to obtain
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ian
~ia¥ -
wp - lMkX - T)ze onx sge st-gs
K +
{ +I‘ - d+2a+) st - gs
n
T k(@ -6 )
, n,0 t _ iMkx
* Ll + 2nmM (S Bs(l 2 }) }
o - PsMk
'1" - _ iMkX {————————-—- X
_igk | ® pafa - 1) . s‘“—ss]
4M S-]- _ Bs
xé— _335_ + 2 [H(x_ <+ Bsn) - H(-Bsn - x_ )] {Cl)
z : n n
8 -fis
n=
-
. i f—\ - _‘.)2 —ia;x
I~<* _ w sinh (ws) e 4% . eiMk.x ‘ (rn B ‘
2[{cosh (ws) - cos (o - sfm)] 28 / (a; - 1;—1 )(s*I‘n - d+2a;)
n=-.-m
) il‘nx
sBe S++BS 3 k(L - (Sn D) / 1ka
¥
I 1+ 2nmM \5 t Bs{l })
s + Bs -

-
- . .t o+BsMk
et _iMkx)] G————]x
18k %S + Bs (l 2 ) Ls++83

&M e

s'|'+Bs

1 - 2% 2F\‘a\{nc Bsn) - H(B >1\> (c2)
% - + X, — Bsn) - sn - c2
s++Bs nL=-i “n .J



18

REFERENCES

Kurosaka, M.: On the Uasteady Supersonic Cascade with a Subsonic
Leading Edge - An Exact First Order Theory - Part 1 and 2. Trans.
ASME, Ser, A, J. Eng. Power, vol. 96, no. 1, Jan. 1974, pp. 13-31.

Verdon, J. M.: The Unsteady Aerodynamics of a Finite Supersonic
Cascade with Subsonic Axial Flow., <Trans. ASME, Ser. E, J. Applied
Mech,, vol. 40, no. 3, Bept. 1973, pp. 667-671.

Lane, F.; and Friedman, M.: Theoretical Investigation of Subsonic
Osecillating Blade-Row Aerodynamics., NACA TN-4136, 1958.

Lighthill, M. J.: Fourier Analysis and Generalized Functions.
Cambridge Univeristy Press, 1958, p. 67.

Campbell, George A.; and Foster,‘Ronald M,: Fouriler [ntegrals Tor

Practical Application. D. Van Nostrand Co,, 1948, p. 866.



n=2
U a=1
n=*0 N
. X
o= =1
e
n=-2 DI |
S‘l’

‘Fig. 1 - Dimensicnless Cascade Configuration.

I E—-Infegra:f'ton Contour
;‘;E y}; ke l ) -
: oC, = Re oC

Branch Cut sor

Fig. 2 -~ Integration Coutour and Branch Cut in Complexﬁc- Flane.

$ o¢;

s e sl

s

r

LOCUS oF ac;

Fig, 3~ Approximate Locus of Roots in Complex Q*(--Plﬁme-



